Measuring systemic risk or fragility of financial systems is a ubiquitous task of fundamental importance in analyzing market efficiency, portfolio allocation, and containment of financial contagions. Recent attempts have shown that representing such systems as a weighted graph characterizing the complex web of interacting agents over some information flow (e.g., debt, stock returns, shareholder ownership) may provide certain keen insights. Here, we show that fragility, or the ability of system to be prone to failures in the face of random perturbations, is negatively correlated with geometric notion of Ricci curvature. The key ingredient relating fragility and curvature is entropy. As a proof of concept, we examine returns from a set of stocks comprising the S&P 500 over a 15 year span to show that financial crashes are more robust compared to normal "business as usual" fragile market behavior -i.e., Ricci curvature is a "crash hallmark." Perhaps more importantly, this work lays the foundation of understanding of how to design systems and policy regulations in a manner that can combat financial instabilities exposed during the 2007-2008 crisis.
I. INTRODUCTION
The financial crisis of 2007-2008 has put much attention in understanding global-to-local fragility of financial systems [1] . A recent accepted model is one in which these interconnected systems are represented as a weighted graph whereby the nodes denote an economic agent and the edge links characterize dependencies between such agents (e.g., returns, debt, derivative exposure) [2] , [3] , [4] , [5] . In turn, systemic risk can be taken as a network's inability to handle default of one or more agents resulting in cascade failures triggering the onset of a financial contagion. That is, in a given financial network, one must be able to attribute a proper measure of risk to those institutions (nodes), and more importantly their relationships (edges) that are often deemed "too-big-to-fail." This seems especially true during the emergency aid providing by the U.S. Federal Reserve Bank (FED) during the 2007-2008 crisis [6] . As seen in Figure 1 , there exists a series of indirect "hidden" exposures that unraveled during this time period. Understanding fragility in the context of financial systems provides not only a measure of preventing (combating) financial contagions, but may also provide novel insights into designing downside protection (VaR) measures. Fig. 1 . Understanding indirect counter-party risk has gained increasing importance with the recent global financial crisis combined with the continue rise of complex financial instruments. This paper proposes a new metric for characterizing the instability with respect agent-to-agent information in the context of a global network. As an example, we show initial proof-of-concept analysis on analyzing market fragility from a feedback perspective resulting from well-known "herding" phenomena during periods of financial crisis.
The goal of this paper is to demonstrate Ricci curvature may serve as an indicator of fragility in the context of financial networks. Curvature, in the broad sense, is a measure by which a geometrical object deviates from being flat, and has been characterized in various ways in differential geometry [7] . Recently, this notion has been extended to more general frameworks such as networks modeled as weighted graphs [8] , [9] , [10] , [11] , [12] . In the present work, we examine the topology of a stock correlation networks constructed from the S&P 500 over a 15 year span and show that curvature is a "crash hallmark." While the initial analysis herein is restricted to correlation networks, one can naturally apply our analysis to information quantities that pertain to the banking ecosystem [2] , [3] or more complex financial instruments [13] . The usage of stock returns is motivated in a two-fold manner: Firstly, we use the evolution of the stock market simply as a data platform to primarily illustrate a fascinating connection between Ricci curvature and a well established notion of entropy (and hence fragility). Secondly, the stock data is readily obtained and is not obfuscated due to proprietary knowledge of the institutions themselves -further data sets are currently being gathered for analysis. This said, we first revisit several key papers that are related to the present work.
A. Relation to Previous Work
First and foremost, we note that this paper is a follow-on and complementary effort of previous work whereby we introduced Ricci curvature as a proxy for robustness in order to differentiate cancer networks [14] . We now turn our attention to financial networks and note that information presented herein overlaps with existing concepts in order for this manuscript to be selfcontained (and refer the reader to [14] for compete details). This being said, with the emergence of network science, recent advancements have explored the concepts of fragility on weighted graphs (and the construction thereof) [15] , [16] , [17] , [18] . In particular, Demetrius [15] , [19] formally defines "robustness" in terms of the rate function from the theory of large deviations and shows that this is positively correlated to entropy via the Fluctuation Theorem; we will describe this in some details in Section II-A. The key difference in our approach is that Ricci curvature serves as a proxy for robustness/fragilty at the edge level of any weighted graph as compared to entropy, which is defined as a nodal attribute. That is, unlike entropy which, by construction, exhibits a "loss of information" due to a weighted contraction of edge dependencies, Ricci curvature preserves such geometric quantities.
In the context of financial networks, various works seek to examine the fragility of interactions (edges) to better characterize market complexity [2] , [13] , [20] , [21] , [22] -a complete review is beyond the scope of this short note, but we highlight several recent studies. Recently, Battiston [2] proposed a concept of DebtRank to analyze systemic risk due to debt obligations for general banking environments [3] , further expounding on the need to understand instability of complex derivatives [13] to more tacit areas of corporate control in economic networks [23] . The main thrust and motivation in these works is "feedback centrality," for which we introduce the concept of Ricci curvature as a feedback measure. With respect to stock correlation networks, Mantenga [4] first illustrate the hierarchical arrangement of stocks through minimum spanning trees (MST). This was followed by several works by Onnella [5] , [24] , [25] leveraging the concept of MST to exploit the underlying return dynamics. In particular, the authors then show that during crash periods, the tree structure "shrinks and tightens" compared to normal market behavior and perhaps more interestingly, those stocks that serve as "leafs" of the tree correlate to diversification with respect to portfolio construction pioneered by Markowitz [26] . This work seeks to cast existing work on correlation networks in the context of curvature, fragility, and uncertainty while also paving the way to analyze more interesting financial networks commonly seen in interbanking lending markets.
The remainder of the present paper is outlined as follows: In the next section, we first provide important preliminaries regarding the Fluctuation Theorem and L p Wasserstein distance. Section III motivates Ricci curvature as a fragility measure as well as a compatible notion of Ricci curvature on discrete metric spaces proposed by Ollivier [8] , [9] . Then, Section IV provides information on the construction of financial networks under investigation, experimental results demonstrating the fragility of normal market behavior and robustness of market crashes, and a comparison of curvature to that of well established notions of graph robustness. Lastly, Section V concludes with a summary and discussion of future work.
II. PRELIMINARIES
In this section, we review necessary concepts that we will need in the sequel.
A. Fluctuation Theorem
We first begin by providing a precise definition of robustness (and hence fragility) and relate this to entropy via the Fluctuation Theorem formulated in [18] , [19] . Given a network, one can consider a random perturbation that results in a deviation of some observable. More formally, let q δ (t) denote the probability that the mean deviates by more than δ from the original value at some time t. Then, if we assume q δ (t) → 0 as t → ∞, the relative rate that system "relaxes" and returns to its unperturbed state measures its fragility (e.g., longer decay rates are analogous to more fragile states) is given by
Therefore, large R means not much deviation and small R corresponds to large deviations. In thermodynamics it is well-known that entropy and rate functions from large deviations are very closely related [27] . The Fluctuation Theorem is an expression of this fact for networks and may be expressed in terms of fragility ∆F = −∆R as
where S e denotes network entropy defined in [18] . Specifically, let us consider a stochastic matrix φ = (η xy ) describing a Markov chain that characterizes transition rates from state x → y with η xy ≥ 0 and y η xy = 1 (along with its invariant distribution π = πφ). Then network entropy may be defined as:
We note that in the above definition, the nodal entropyS(x) is a summation only over edges y emanating towards adjacent vertices. This is particularly important as it first discounts information for non-adajacent vertices; the computation for n-step random walks (Markov processes) with n > 1 may become computationally expensive [28] . As we shall soon see, Ricci curvature can be formulated as a simple linear program and is not restricted to direct incidences. Secondly, and perhaps more importantly, local (nodal) entropy "loses information" with respect to edge information through a weighted contraction -this quantification of edge fragility is precisely what Ricci curvature provides.
B. Wasserstein Distance
We now turn our attention by recording the basic definition of the L p -Wasserstein distance from optimal transport theory that we will need below. For full details about the Monge-Kantorovich (optimal mass transport) problem and the associated Wasserstein distance, we refer the reader to several works on this topic [29] , [30] , [31] , [32] , [33] , [34] . The L p Wasserstein distance is defined as
is a set of all couplings between two measures µ 1 and µ 2 with the same total mass and finite p-th moment. More precisely, a coupling between µ 1 and µ 2 is a measure µ on
In other words, the marginals of µ are µ 1 and µ 2 . In this paper, we only consider the cases p = 1, 2.
III. PROPOSED METHOD
This section introduces Ricci curvature as a proxy for robustness and fragility. We then provide one compatible notion of Ricci curvature on a discrete metric space (graphs) proposed by Ollivier [9] . Among a number of considerations, this coarse geometric definition is motivated in the classic Ornstein-Uhlenbeck process and placed in the context of fat-tailed distributions.
A. Ricci Curvature and Fragility
There have been a number of approaches [9] , [35] , [11] , [12] , [10] , [36] , [37] , [38] , [39] to extending the notion of Ricci curvature to more general metric measure spaces. At this point, the exact relationship of one approach as compared to another is unclear. In particular, we follow [9] , [35] because of connections to notions of metric entropy. That is, if we let (X, d, m) denote a geodesic space and set
then, Lott and Villani [10] showed that X has Ricci curvature bounded from below by k if for every µ 0 , µ 1 ∈ P (X), there exists a constant speed geodesic µ t with respect to the Wasserstein 2-metric connecting µ 0 and µ 1 such that
for 0 ≤ t ≤ 1, and where we define
which is the negative of the Boltzmann entropy S e (µ) := −H(µ). This indicates that entropy and curvature are positively correlated for which express as ∆S e × ∆Ric ≥ 0.
We note here that changes in fragility, i.e., a system that is prone to failures and unable to adapt to changes in the environment is negatively correlated with entropy via the Fluctuation Theorem [18] , [19] , and thus with Ricci curvature:
However, the above definition is intractable on a discrete space of graphs for which we are most interested in. To this end, we adopt the recent notion of Ollivier-Ricci curvature motivated from coarse geometry [8] , [9] .
B. Ollivier-Ricci Curvature
We employ a neat notion of a Ricci curvature [9] inspired through coarse geometry. The idea is motivated from the notion that the distance between two small (geodesic) balls is less than the distance of their centers. In particular, if we let (X, d) be metric space equipped with a family of probability measures {µ x : x ∈ X}, we define the Ollivier-Ricci curvature κ(x, y) along the geodesic connecting nodes x and y via
where W 1 denotes the Earth Mover's Distance (Wasserstein 1-metric) [31] , [32] , and d is the geodesic distance on the graph. For the case of weighted graphs, we set
where d x is the sum taken over all neighbors of node x and where w xy denotes the weight of an edge connecting node x and node y (w xy = 0 if d(x, y) ≥ 2). The measure µ x may be regarded as the distribution of a one-step random walk starting from x, with the weight w xy quantifying the strength of interaction between nodal components or the diffusivity across the corresponding link (edge). Furthermore,if µ 1 and µ 2 are two distributions represented by n discrete points {x 1 , . . . , x n } having the same total mass and denote the distance d(x, y) between x, y ∈ X (for graphs, taken as the hop metric), then W 1 (µ 1 , µ 2 ) may be defined as follows [40] :
where µ(x, y) is a coupling (or flow) subject to the following constraints:
The cost above finds the optimal coupling of moving a set of mass from distributions µ 1 to µ 2 with minimal "work".
C. Ricci Curvature and Mean-Reversion
Until now, we have connected Ricci curvature to fragility via entropy. It is informative to further examine the behavior in the context of a decay rate when the system is perturbed. As such, let us consider the relationship of Ollivier-Ricci curvature for an Ornstein-Uhlenbeck process. More precisely, consider the stochastic differential equation
where W is the Wiener process (Brownian motion), and we take x 0 to be deterministic. Then if we let t > 0, it can be shown [8] that the Ollivier-Ricci curvature for this random walk for any two points
Equation 13 illustrates the connection of fluctuation in a very simple explicit manner. Smaller β corresponds to smaller curvature κ and this corresponds to how slowly the systems returns to equilibrium, that is to the mean going to 0. This can be seen in Figure 2 . Lastly, while this is beyond the scope of this work, this may illuminate a new set of Ricci curvature based-strategies in statistical arbitrage and mean-reverting portfolios [41] . Fig. 2 . We generated three Ornstein Uhlenbeck processes β 1 = 0.05 (red), β 2 = 0.15 (blue), and β 3 = 1.00 (green) with computed corresponding Ollivier-Ricci curvatures to be κ 1 (x, y) = 0.0488, κ 1 (x, y) = 0.1393, and κ 1 (x, y) = 0.6321 at t = 1. One can see that a signal that is perturbed with the same noise (σ = 1), the signal with a higher curvature is capable of returning to equilibrium (zero) faster (e.g., more robust). Fig. 3 . We present the average Ollivier Ricci curvature of the 4000 networks generated from market return data on two different time scales: (A) T = 22 days and (B) T = 122 days. One can see that, during periods of known financial crisis, there is an increase in Ollivier-Ricci curvature compared to normal fragile market behavior.
D. Remarks on Leptokurtic Distributions
Since the thrust of the present work is to understand systemic risk, we revisit the notion of leptokurtic distributions and their connection to Ricci curvature. In particular, it has been argued that stock returns in the market should be modeled as heavytailed distributions as opposed to the standard normal distribution [30] , [42] , [43] . This is done, in part, to better account for risk management in the event of financial crash and relatable black swan events. This said, let us consider one such leptokurtic distribution, namely the Laplace distribution with a given mean θ and variance ϕ and a corresponding normal distribution with the same mean and variance. Then, it is well known that entropy of the Laplacian S L e and Gaussian S G e distributions are given by the following:
S L e = 1 + log 2
Here, we see that S L increases more slowly than S G , and thus a Laplacian process is more fragile than the corresponding Fig. 4 . We compare Ollivier-Ricci curvature (A) to that of network entropy (B) as well as shortest average path (C) and graph diameter (D) for a short time scale of 22 days. There is a notable resemblance, as predicted, between network entropy and network curvature. Further analysis shows that decreases in graph diameter and shortest path length result in increases in graph curvature.
Gaussian process via the Fluctuation Theorem. In short, the fat tail phenomenon used to model market returns is in fact attempting to account for an increase in market risk due to market fragility. More interestingly, given that we have seen that ∆Ric × ∆S e ≥ 0 (Ricci curvature is positively correlated with entropy), we may utilize Ricci curvature to analyze systemic risk as we will now experimentally show.
IV. RESULTS
As a proof of concept, we present results on a set of stock correlation networks. We again note, that the technique above can be applied to other interesting financial networks -this will be a subject of new research. We also note that the results here can viewed in the general sense (i.e., regardless of the actual network and construction thereof, there is a fascinating connection between network curvature and network entropy).
A. Data, Network Generation
We obtained historical closing daily price data from https://quantquote.com/. In particular, the publicly available data set consists of stocks currently comprising the S&P 500 for a 15 year span from January 1998 to July 2013. We then filter those equities that do not have data for the entire period resulting in a total of 388 stocks. From this, we are able to compute the correlation values c xy over a specific time-window denoted as T . Then, following [5] , we construct a minimum spanning tree where the "distance" is defined to beĉ xy := 2(1 − c xy ). This was done under the assumption that, at any given time, a particular stock must "interact" with another stock. Furthermore, to examine the topology of the market through a dynamic process, we add high-valued links that satisfy a certain threshold, i.e., c xy ≥ ξ where we chose ξ = .85 based on on the previous literature [44] , [45] (e.g., this is due to the fact that forming a random walk over an MST will provide very similar structures). This being said, for a given window t b = [t b 0 , ..., t b T ], we construct an unweighted network N b through the above process. A new network at b + 1 is generated by "sliding" the window of 1 day and repeating the process. As such, approximately 4000 time-varying networks are generated.
B. Market Fragility and Robustness of Crisis
We begin by computing the Ollivier-Ricci curvature κ(x, y) for all possible pairs (≈ 75K pairs) over two different time windows T = {22, 132} days. As such, Figure 3 presents the average Ricci curvature taken over the adjacency matrix such that it can be compared fairly with the information needed to compute global network entropy. From analysis standpoint, revisiting equation (8) , one can see curvature (and changes in curvature) for interactions "far" from the underlying topology will decay due to the term d(x, y). Since a graph is a 1-geodesic space, if κ(x, y) ≥ k for d(x, y) = 1, then κ(x, y) ≥ k ∀ x, y [8] . Thus, computing statistics (i.e., averages) for adjacent vertices will suffice and results are still valid (in the sense of robustness and fragility) for d(x, y) ≥ 2, e.g., non-adjacent pairs in general will contribute negligibly and can be treated as scaling such statistic.
Interestingly, Figure 3 shows that the market operates in a generally fragile behavior. As noted by prior works [5] , there is a topological market reorganization that occurs during periods of financial crisis. This in part due to the establishment of more links in "crash periods" that naturally arises from the well known "herding" effect. Constructing correlated graphs in a dynamic manner presents the market from a feedback perspective (by analyzing curvature) as opposed to merely an average correlation between any two given pairs of stocks. In turn, Figure 3 illustrates that even with two time scales, during periods of crisis there is an increase in Olliver-Ricci curvature and hence the market tends to become more robust. This is consistent with previous analysis for which [5] examines the shortest average path between equities during such time periods and uncovered that the MST "shrinks." Here, measuring Ollivier-Ricci curvature on these stock correlation networks illustrates fragile market behavior and the robustness of financial crashes.
C. Comparison of Robustness Measures
While the intended premise of this work is to focus on financial (correlation) networks with respect to curvature, it is significant to compare Ollivier-Ricci curvature to that of other well acceptable models characterizing network fragility. To this end, Figure 4 and Figure 5 plot curvature against that of global network entropy computed via equation (3), shortest average path, and graph diameter. One can see that there is a strikingly similar resemblance in the structure of Ollivier-Ricci curvature and global network entropy. That is, we are uncovering the similar information to that of entropy with two very important caveats: First, the method proposed herein is computationally more tractable and is well behaved compared to that entropy -we are simply computing a linear programming (LP) problem which is capable of characterizing curvature between any two nodes in a graph (not only those that are adjacent). Secondly, Ollivier-Ricci curvature provides local geometric (edge) information about the network as opposed to entropy, which is a nodal measure. In particular, one can visualize a scenario in a more complex financial network where a particular financial institution generally consists of normal risk exposures to other institutions with only a few extremely (indirect) risky transactions. By averaging such exposures, a nodal measure may not properly address localized fragility of such relationships. This type of scenario has been shown by studying transcriptional networks of varying cancer tissues where a single gene may participate in both robust and fragile interactions, yet is considered a "robust" gene [14] . This being said, Figure 4 and Figure 5 also illustrate that increases in Ollivier-Ricci curvature are correlated with a decrease in shortest average path and graph diameter. Thus, Ollivier-Ricci curvature is an alternative method to expressing network functional robustness. 
D. Minimum Risk Markowitz Portfolios
Let us now shift our focus to the role curvature and entropy (measures of fragility) play with respect to the classical Markowitz portfolio construction. In the classic case, given a set of N assets with average returns denoted asr = [r 1 ,r 2 , ...,r N ] T and the estimated covariance Σ r (both usually computed from historical data), one is given the task allocating N asset weights w = [w 1 , w 2 , ...., w N ] T in order to maximize the portfolio return u = n i = w Tr subject to some risk tolerance w T Σw ≤ τ risk with N i w = 1 and w i ≥ 0 (no short selling). The efficient frontier portfolios [26] then can be computed for varying levels of risk tolerance -here we are interested in the minimum risk portfolio and connections to curvature.
It is known that a decrease in entropy relates to an increase in diversification with several attempts to capture this property in portfolio construction (see [46] and references therein). From the perspective in the present work, one see that there is a lack of feedback when constructing such correlation networks in normal market behavior (decrease in curvature) and this may be a desirable property when seeking out a diversified portfolio (e.g., those pairs that exhibit fragile interactions are candidates for diversification). With this in mind, we propose the following measure which is simply a projection of Markowitz portfolio weights from the minimum risk portfolio onto edge Ollivier-Ricci curvature:
We note that the above measure is dependent on a particular graph construction. That said, Figure 6 shows W κ port along with the minimum risk profile. One can see that there exists a correlation between increase in curvature and increase in minimum risk profile. Moreover, the above trend seemingly falls in line with previous analysis -during periods of crisis, it has already been noted that diversification "melts away" [47] . This is analogous to increases in curvature that is seen in Figure 3 and Figure 6 . On the other hand, we have noted that higher Ollivier-Ricci curvature is positively correlated to the mean reverting coefficient (∆Ric × ∆β) in an Ornstein-Uhlenbeck sense. Thus, increases in Ricci curvature from a portfolio construction relates to the notion of possibly forming a "risk-free" market neutral portfolio (e.g., a perturbation in the portfolio will quickly return to some equilibrium). We caution the reader on the above suggestive points as it will be subject to future work and requires a much further (and more thoughtful) analysis. Fig. 6 . We compute W κ port using weights from the minimum risk portfolio along with minimum risk. Regions of interested are highlighted for (A) Ricci curvature W κ port and (b) minimum risk that can be obtained along the efficient frontier over a given window -T = 122 days with a threshold ξ = 0.85 was chosen.
V. SUMMARY & CONCLUSION
Given the 2007-2008 financial crisis and European debt crisis, there is an increasing importance of understanding fragility of interconnected networks. This work proposes a novel new metric based on a coarse definition of Ricci curvature in order to understand systemic risk of a complex web of interacting agents. Due to initial data limitations, we provided a proof of concept in the context of stock correlation networks to elucidate market fragility. This being said, there seem to very interesting connections of Ricci curvature to not only financial stability of varying networks, but also in the construction of market neutral strategies and possibly novel risk management policies. In particular, one can begin to explore the discrete Ollivier-Ricci flow (i.e., d dt d(x, y) = −κ(x, y)d(x, y)) in order to combat and prevent financial contagions -this has been suggested in related fields [48] to remove overload queues in wireless networks. One of the main subjects of future of research is to continue to explore and analyze systemic risk in more interesting financial networks where the rise of complex financial instruments [13] may prove to be a great source of financial instability.
Lastly, it is worthwhile to note here that these results hold in general and can be very much applicable in studying a variety of dynamic networks where high frequency data is available, i.e., high-throughput genomic studies characterizing the progression of metastatic cancer is one such area that is readably applicable. Whereas we seek drug targets to combat the robust nature of cancer [14] , we are at the same time seeking to combat the fragile nature of market from financial contagions. We further note some interesting work by Billera [49] who describes a metric geometry on the space of trees in connection with phylogenetics with a space that possess non-positive curvature. From the results of [38] , this allows one to do statistics on this space since between any two points there is a unique geodesic. Here, we can then generalize the analysis from a single network structure to devising statistical methods comparing families of networks, e.g., market returns, genomic studies, etc. [50] .
In summary and following our previous results [14] , we want to establish such policies that allow the market to be more cancer like by providing novel "drug targets" to contain financial contagions such as the 2007-2008 crisis that nearly brought down the financial system.
